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Information Theoretical Limits on

Cooperative Communications

Melda Yuksel and Elza Erkip

Abstract

This chapter provides an overview of the information theoretic foundations of cooperative

communications. Earlier information theoretic achievements as well as the more recent develop-

ments are discussed. The analysis accounts for full/half-duplex nodes, and for multiple relays.

Various channel models such as discrete memoryless, additive white Gaussian noise (AWGN)

and fading channels are considered. Cooperative communication protocols are investigated using

capacity, diversity and diversity-multiplexing tradeoff(DMT) as performance metrics. Overall,

this chapter provides a comprehensive view on the foundations of, and the state-of-the-art

reached in the theory of cooperative communications.

Index Terms
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I. INTRODUCTION

In traditional communication networks data transmission directly occurs between the

transmitter and the receiver. No user solicits the assistance of another one. However, in
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a general communication network, there are many intermediate nodes that are available

to help. For example in wireless networks, when one node broadcasts its messages, all

nearby nodes overhear this transmission. Processing and forwarding these messages to the

intended destination, system performance, whether it be throughput, lifetime, or coverage

area, can be improved. To understand how much performance improvement can ideally

be possible by this “cooperative” network, we need an information theoretical study.

Such a study also elucidates how cooperation should take place and helps construct the

backbone for future cooperative communication applications.

In information theory the idea of cooperation was first presented in van der Meulen’s

1971 paper [1], which established the foundations of therelay channel. The relay channel

is a three-terminal network, in which Terminal 1 (source) aims to transmit to Terminal

3 (destination) with the help of Terminal 2 (relay) as in Fig.1. The aim is to attain the

highest communication rate from Terminal 1 to Terminal 3. Ingeneral the intermediate

relay enhances communication rates of the direct link from Terminal 1 to 3.

To elaborate the idea of enhanced communication rates via relaying, here we introduce

an example from [1]. Table I gives the channel output probabilities P (y2, y3|x1, x2)

conditioned on input pairs(x1, x2) when the destination is assumed to be silent (x3 = 0).

x1
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x3
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Terminal 1 Terminal 2

Terminal 3

Channel

Fig. 1. The three-terminal communication channel.
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Observe that ifx2 = 1, both y2 andy3 are equal to 1 no matter whatx1 is. Neither the

relay, nor the destination can distinguish the correctx1 and hence, communication rates

between the source and the relay, and the source and the destination are equal to zero

givenx2 = 1. Whenx2 = 0, the channels between the source and the relay, and the source

and the destination both become equivalent to a binary symmetric channel with crossover

probability 1/2, whose capacity is also equal to zero. Hence, no direct communication

is possible from the source to the relay, or from the source tothe destination. However,

non-zero communication rates from the source to the destination can be achieved with

the help of the relay. Observe that ifx2 = 0 and the destination knows the channel

output y2, then the source can send 1 bit noiselessly to the destination. On the other

hand, the destination can learn abouty2, if the relay helps the source and transmits

its output signal after its own observation is complete. This information can be sent at

rate 0.32 bits/channel use whenx1 is set to0. By appropriate time division between

these two strategies, [1] proves that the capacity of this example channel is equal to

0.243 bits/channel use with vanishing error probability. As this example clearly shows,

relaying can substantially increase achievable rates withrespect to direct transmission.

The relay channel is essential to both wired and wireless networks. In wired net-

works many source and destination pairs are connected via intermediate relay nodes. In

HHHHHHHx1x2

y2y3
00 10 01 11

00 1/2 0 0 1/2

10 0 1/2 1/2 0

01 0 0 0 1

11 0 0 0 1

TABLE I

A RELAYING EXAMPLE FROM [1]
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wireless networks, due to thewireless broadcast advantage idle nodes overhear nearby

transmissions. These nodes can relay the information and contribute to achieving higher

rates.

The capacity of the relay channel was calculated in [1] only for some particular

example channels. Guidelines for communication/relayingprinciples in a general relay

channel were developed later in the landmark paper by Cover and El Gamal [2]. In [2],

the memoryless relay channel is investigated and two fundamental relaying techniques;

decode-and-forward (DF) and compress-and-forward (CF), are presented. The paper also

includes capacity theorems for both degraded and reverselydegraded1 relay channels

and the relay channel with feedback.

Despite the substantial advancement [2] provided, the capacity of the general relay

channel has been unsolved for over thirty years. The recent activity on cooperative com-

munications mostly stems for the potential wireless applications and is spurred by recent

papers [3], [4] and [5]. In [3] and [4], motivated by Willems’multiple-access channel with

generalized feedback (GMAC) model [6], the authors considered the benefits of mutual

cooperation in fading environments and suggested how cooperation can be carried out

in code-division multiple-access (CDMA) systems. In [5] the authors suggestedsimple

yet high performance relaying protocols. Promising significant gains and having vast

application areas, the ideas presented in these papers triggered an extensive literature on

cooperative communication systems.

Later, Kramer, Gastpar and Gupta generalized the DF and CF protocols suggested in

[2] to arbitrary number of relay nodes [7]. Even though the capacity of the relay channel

is unknown, this paper proves that the DF and CF protocols canbe capacity achieving

depending on the location of the relay node(s). Recent results on multiple relay terminal

1In the physically degraded relay channel the destination’sobservation is a physically degraded version of the relay’s

observation. It is the opposite for the reversely degraded relay channel, where the relay’s signal is physically degraded

with respect to the destination’s.
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networks suggested strategies that are a fixed number of bitsaway from the capacity [8],

[9].

An important constraint in the relay channel is the processing capability of the re-

lay node. The relay can either be full or half-duplex. If the relay is full-duplex it

can transmit and receive simultaneously in the same frequency band. In half-duplex

systems, transmission and reception takes place in orthogonal channels. Although the

full-duplex assumption is not practically feasible, it helps us understand the fundamental

characteristics of the relay channel. On the other hand, thehalf-duplex assumption is

required to study practical aspects. Half-duplex operation in the relay channel was first

considered [5]. Later [10] and [11] investigated the capacity of the relay channel under

the half-duplex assumption.

The above mentioned papers consider probability of error and achievable rates to mea-

sure the level of reliability and the throughput of relaying/cooperation schemes. Another

performance measure is the diversity-multiplexing tradeoff (DMT) [12], which unifies

the reliability and rate perspectives. The DMT is a highSNR analysis suitable for fading

channels and establishes the fundamental tradeoff betweendiversity and multiplexing

for multiple-input multiple-output (MIMO) systems. DMT isalso a useful performance

measure for cooperative/relay systems. While the capacityof the relay channel is not

known in general, it is possible to find relaying schemes thatare optimal from the DMT

perspective. In the literature [5], [13], [14], [15] were the first to investigate the relay

channel DMT. In these works, either the source or the destination (or both) has a single

antenna. The multiple-antenna multiple-relay channel wasfirst studied in [16]. In [16]

DMT upper bounds are found, and a relaying strategy, which achieves the bound for both

full and half-duplex relays, is suggested.

This chapter surveys the above mentioned models for cooperation as well as how

cooperation is useful under achievable rate, diversity andDMT metrics. It is important

to note that there has been a large body of information theoretical work on cooperative
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communications in the past few years [17], [18] and this chapter only covers some of the

fundamentals. For example, we consider neither the ergodiccapacity, nor the resource

allocation problems. Similarly, scaling laws in large cooperative networks and cooperative

channel coding are out of this chapter’s scope.

In Section II we first introduce the DF and CF protocols and introduce the generalized

multiple access channel model. In Section III we extend these basic models to multiple

relay/ cooperating nodes. In Section IV we explain the effect of relay processing con-

straints on achievable rates. In Section V we examine the relay channel when there is

fading. Next, in Section VI we provide the DMT analysis for the relay channel. Finally,

in Section VII we conclude.

II. THE BASIC MODELS FORCOOPERATION

In this section we introduce the full-duplex relay channel to capture unilateral cooper-

ation and describe the two fundamental relaying protocols DF and CF. We then explain

the G-MAC model to explain two-way cooperation.

A. The Relay Channel

The basic relay channel model is illustrated in Fig. 2, wherep(yR, yD|xs, xR) indicates

the discrete memoryless channel,W denotes the message,XS and XR are the signals

the source and relay transmit,YR andYD are the received signals at the relay and at the

destination, andŴ is the destination’s estimate ofW .

-W Encoder -XS p(yR, yD|xS, xR) -YD Decoder -Ŵ

Relay Encoder-

YR

?
XR

Fig. 2. The relay channel.
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If the channel is real additive white Gaussian noise (AWGN),then we can write

YR = aSRXS + ZR (1)

YD = aSDXS + aRDXR + ZD, (2)

whereaSR, aSD andaRD (∈ R) are respectively the channel gains between the source and

the relay, the source and the destination, and the relay and the destination. The AWGN

at the relay and destination are respectively denoted byZR andZD, which are assumed

to be zero mean and unit variance. Both the source and the relay have individual power

constraintsPS and PR. The objective is to find the capacity, the maximum achievable

rate beyond which reliable communication is not possible. Note that the cut-set upper

bound [19] suggests that ifR is an the achievable rate, then

R ≤ max
p(xS ,xR)

min{I(XS; YR, YD); I(XS, XR; YD)},

which becomes

R ≤ max
ρ∈[0,1]

min

{

1

2
log
(

1 + ρa2
SRPS + ρa2

SDPS

)

,

1

2
log

(

1 + a2
SDPS + a2

RDPR + 2
√

(1 − ρ)a2
SDPSa2

RDPR

)}

(3)

for the Gaussian case.

DF and CF are two of the relaying schemes proposed in [2] for the general relay

channel. In DF, the relay decodes its received message, re-encodes it, and forwards it to

the destination. In CF, the relay first compresses its received signal and then forwards

the compressed signal through the relay-destination channel. The compression is Wyner-

Ziv type [20]; i.e. the relay compresses its received signaltaking into account that the

destination has side information available directly from the source. Next, we introduce

the ideas behind these two protocols. The formal proofs can be found in [2].
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Block 1 Block 2 Block 3 Block B

xN
S (1, w1)

xN
R1

(1)

xN
S (w1, w2)

xN
R1

(w′
1)

xN
S (w2, w3)

xN
R1

(w′
2)

...
xN

S (wB−1, 1)

xN
R1

(w′
B−1)

Fig. 3. The decode-and-forward block structure.

1) Decode-and-forward: In the DF protocol, the source, and the relay perform block

Markov superposition coding. The destination can do sliding window or backward de-

coding [21], [7], [22], [23]. We will briefly describe the backward decoding here. The

encoding structure is depicted in Fig. 3. Transmission takes place inB blocks, where

each block consists ofN symbols, withN and B both large. The source transmits a

length-N codewordxN
S (wb−1, wb) in each blockb, for which w0 = wB = 1, wherewb

denotes the new message transmitted in blockb.

The source rate is chosen so that the relay can reliably decode. To satisfy this constraint

the source rateR(DF ) should satisfy

R(DF ) ≤ I(XS; YR|XR) (4)

for a fixed input distribution. Under this condition, the relay finds an estimatew′
b for

wb at the end of blockb and sendsxN
R (w′

b) in block b + 1. In the first block the relay

sends a predetermined codewordxN
R (1). With very high probabilityw′

b = wb and the

relay decodes the source message reliably. This way, the relay removes the effects of the

channel from its received signal, and thus obtains aclean copy of the original source

message. As the source repeatswb in block b+1, the relay can then act collectively with

the source. Note that the full-duplex assumption is critical to realize the block Markov

encoding structure, which requires the relay to transmit and receive simultaneously.

The destination starts decoding after allB blocks are received and moves back-

wards [7], [22], [23]. At blockB, no fresh information is sent and the destination is

interested in decodingwB−1. The correct message index can be identified with high
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probability if

R(DF ) ≤ I(XS, XR; YD). (5)

Once the destination decodeswB−1, it can move backwards to decodewB−2, ..., w1 in

a similar manner. Combining both constraints (4) and (5), weconclude that for a fixed

input distributionp(xS, xR)

R(DF ) ≤ min{I(XS; YR|XR), I(XS, XR; YD)} (6)

is achievable. Maximizing over all input distributions, wecan write the maximum rate

the DF protocol achieves is

R(DF )
max = max

p(xS ,xR)
min{I(XS; YR|XR), I(XS, XR; YD)}.

For the Gaussian relay channel using Gaussian code booksR
(DF )
max becomes

R(DF )
max = max

ρ∈[0,1]
min

{

1

2
log
(

1 + ρa2
SRPS

)

,

1

2
log

(

1 + a2
SDPS + a2

RDPR + 2
√

(1 − ρ)a2
SDPSa2

RDPR

)}

. (7)

The first term in the minimization accounts for the rate the relay can reliably decode.

The second term is the rate, which the destination can decode, when the source and the

relay transmit together. The parameterρ denotes the correlation between source and relay

signals and is related to the coherent combining gain at the destination. As the source and

the relay are synchronized, their signals add coherently atthe destination. This leads to the

additional gain in the received signal-to-noise ratio2
√

(1 − ρ)a2
SDPSa2

RDPR. Changing

ρ the source node divides its power among sendingfresh information and repeatingold

information to coherently add with the relay’s signal.

It is interesting to note that the DF protocol achieves the capacity, when the relay

channel is physically degraded [2]. Physical degradednessensures that decoding at the

relay does not impose an additional constraint on the system, and DF becomes optimal.
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When the relay channel is not physically degraded, then decoding at the relay may

impose strict constraints; i.e. the source-relay channel can limit the achievable rates.

In such cases partial decode-and-forward (PDF) can be used instead of DF. As its

name suggests, in PDF the relay is required to decode part of the source message only,

and the remaining part is directly sent to the destination without the relay’s help. This

strategy improves upon DF achievable rates [2]. We will discuss the PDF strategy more

in Section II-B.

2) Compress-and-forward: In the DF protocol the relay performs ahard decision about

the source message. Forcing the relay to make a decision can incur losses in achievable

transmission rates. In some cases compression based protocols, which forward relay’s

soft signal are desirable.

A simpleB-block compression protocol, which we call simple compress-and-forward

(SCF), is as follows: The relay compresses its received signal YR in block b to form ŶR,

maps this to the channel codewordXR and sendsXR to the destination in blockb+1. As

the relay is full duplex, the relay can listen and compress the message in the current block

while transmitting the compressed signal of the previous block. The received signalYD

in block b is a function of both the source and the relay signalsXS andXR transmitted

in the same block.

The destination starts decoding after allB blocks are transmitted. It first decodes the

relay signalXR, treating the source signal as noise and recoversŶR. The reliability of

these steps are ensured, if the relay’s compression rate is below the relay-to-destination

achievable rate considering the source signal as noise. In other words, the condition

I(ŶR; YR|XR) ≤ I(XR; YD), (8)

has to be satisfied for a fixed input distributionp(xS)p(xR)p(ŷR|xR, yR)p(yR, yD|xS, xR).

After the destination decodeŝYR, the destination uses botĥYR andYD from the previous
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block to determine the original source signalXS. This can be done reliably if

R(SCF ) < I(XS; ŶR, YD|XR). (9)

The performance of the above scheme could be improved if Wyner-Ziv type com-

pression [20] is used instead of simple compression. The Wyner-Ziv technique allows for

lower compression rates in the presence of correlated side information at the decoder. This

is indeed the case in the relay channel, in which the direct signal from the source received

at the destination in the previous block can be thought of as the side information. This

side information lowers the compression rate fromI(ŶR; YR|XR) to I(ŶR; YR|XR, YD)

leading to the condition

I(ŶR; YR|XR, YD) ≤ I(XR; YD). (10)

Other decoding steps remain the same and the overall CF achievable rate is

R(CF ) = I(XS; ŶRYD|XR) (11)

subject to (10) where the joint probability distribution isp(xS)p(xR)p(ŷR|xR, yR)p(yR, yD|xS, xR).

Since (10) is looser than (8), achievable rates are potentially higher when Wyner-Ziv type

compression is employed.

For the Gaussian case,R(CF ) becomes equal to

R(CF ) =
1

2
log

(

1 + a2
SDPS +

a2
SRPS

1 + N̂R

)

(12)

subject to

N̂R ≥
1 + a2

SDPS + a2
SRPS

a2
RDPR

. (13)

Note that two terms,a2
SDPS anda2

SRPS/(1 + N̂R), contribute to the receivedSNR at the

destination. The former is the receivedSNR due the direct source-destination link. The

latter is the receivedSNR at the relay except the additional̂NR in the denominator. This

shows that the destination receives the relay’s observation with an additional compression

noise.
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Fig. 4. DF, CF and SCF achievable rates in comparison to the upper bound and direct transmission [7].

Kramer, Gastpar and Gupta [7] provide an extensive analysisof the achievable rates

of DF and CF for general channel models. One of the models considered is the path loss

model, which follows the Gaussian channel in (1)-(2) withaij = 1/
√

dα
ij, i, j = S, R, D,

i 6= j, whereα indicates the path loss exponent, anddij indicates the inter-node distances.

In Fig. 4, we plot the DF and CF rates of (7) and (12) forα = 2, andPS = PR = 10.

The source and the destination are respectively located at0 and1. The relay’s location

varies on the line joining the source and the destination. The DF and CF rates are also

compared to the upper bound of (3) as well as the direct transmission rates. WhendSR

distance is small, the first terms in (3) and (7) become very large. The second term

dominates both equations and DF becomes optimal. Similarly, when dRD distance is

small, the compression noise in (13) approaches zero and theCF rate in (7) becomes

equal to the upper bound in (3). The figure clearly confirms that the DF protocol achieves

the capacity when the relay is close to the source, and the CF protocol achieves the

capacity when the relay is close to the destination.
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Fig. 5. The multiple access channel with generalized feedback.

B. Multiple-Access Channel with Generalized Feedback

The relay channel model describes the basic form of cooperation. In the relay channel,

the relay node does not have its own information to send; it only assists the source

node to enhance achievable communication rates. On the other hand, the full cooperation

model captured in the multiple access channel with generalized feedback considers two

or more sources, which mutually help each other to attain better performance.

The two-user discrete-memoryless GMAC is shown in Fig. 5, where W1 and W2

denote the messages of the first and second sources,XS1 andXS2 are the source signals,

p(yS1, yS2, yD|xS1 , xS2) is the channel,YS1, YS2 and YD are respectively the received

signals atS1, S2 and the destination, and̂W1 and Ŵ2 are the destination’s estimate of

W1 and W2. This generalized feedback model allows for both users tooverhear each

other and thus mutual cooperation can take place. In the GMAC, the relay is another

source node, which has its own information to send. The achievable rate region, which is

the collection of all achievable rate pairs. This model reduces to the relay channel model,

if W2 = ∅ andYS1 = ∅.

The achievable rate region suggested in [6] for the GMAC is PDF based. In PDF
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some part of the message is directly sent to the destination without the help of the other.

Similar to the DF in Section II-A.1 communication lasts forB blocks. In each block, each

source’s messages are considered to be composed of three parts. For the first part neither

of the sources seek the other’s assistance. This part of the message is sent directly to the

destination. The second part ofS1’s message in blockb is aimed to be decoded only at

S2 at the end of blockb. Decoding this part of the message,S2 forms the third part of its

message in blockb + 1. Similarly, at the end of blockb, S1 decodes the second part of

S2’s message, and re-encoding it forms the third part of its ownmessage in blockb + 1.

This way, each source node can help each other simultaneously. We refer the readers to

[6] and [24] for the achievable rate region characterization.

Although the GMAC results existed for more than 20 years, their interpretation as a

means for mutual cooperation was not until [3], [4]. We will mention these results in

Section V within the context of cooperation in wireless communications.

III. EXTENSIONS TOMULTIPLE RELAYS

In Section II, we considered the relay channel and GMAC, which consist of only two

transmitters. In a general multiple-terminal network morethan one relay is available to

help or multiple users form coalitions. Communication strategies and achievable rates for

the multiple relay channel is another important question, which was considered in [21],

[7]. The paper [21] generalizes the DF protocol, and [7] generalizes the CF protocol to

multiple relays, which we explain next.

When we described the DF protocol in Section II-A.1, we observed thatR(DF ) is the

minimum of two rates, the source-relay communication rate,and the rate the source and

relay collectively transmit to the destination. When thereare multiple relays and all relays

perform DF, this idea can be generalized. Suppose there are two relays. Then the DF

achievable rate is the minimum of three rates: the rate source can reliably send to the

first relay, the rate source and the first relay can reliably send to the second relay, and



15

the rate the source and both relays altogether can send to thedestination. Of course, this

depends on the relay assignment; i.e. which relay will be thefirst and which relay will

be the second. Therefore, the minimum of the above mentionedrates can be maximized

over all relay permutations. If there areM relays, then the DF achievable rate is the

minimum of M + 1 rates maximized over all relay permutations.

Generalizing the CF protocol to multiple relays is more intricate. When there are

multiple relays, the relays observe correlated signals. Forwarding by the relays becomes

equivalent to sending arbitrarily correlated sources overa multiple access channel, whose

complete solution is not known [25]. Moreover, the destination has side information

available in addition to the signals it receives from the relays.

In the case of multiple relays, all relays do not have to perform the same relaying

strategy. When some relays do DF and the rest do CF an achievable rate region is given

in [7]. Here, we explain this scenario for the two-relay case, where the first relay does

DF and the second does CF after listening to the first relay. Then the achievable rate

becomes

R(DCF ) = min
{

I(XS; YR1|XR1), I(XS, XR1; ŶR2 , YD|XR2)
}

(14)

subject to

I(ŶR2; YR2|XR2 , YD) ≤ I(XR2 ; YD), (15)

for the joint distributionp(xS, xR1)p(xR2)p(ŷR2|xR2 , yR2)p(yR1 , yR2, yD|xS, xR1 , xR2). The

first mutual information expression in (14) indicates the rate the first relay can decode.

If the first relay can decode, then the source and the first relay together act as a joint

transmitter. Via the second relay the destination obtains asecond observation̂YR2 in

addition to its ownYD. Therefore, the second relay and the destination mimic a joint

receiver. Overall, the second term in (14) mimics the2 × 2 multiple-antenna system. In

a path loss model as in Section II-A, this mixed strategy is capacity achieving when the
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first relay is in close proximity with the source and the second relay is in close proximity

with the destination [7].

The multiple relay channel problem has also been recently considered in [9]. In this

work, inspired from a deterministic model [8], the authors find a lower bound on the

capacity of Gaussian relay networks that is within a constant number of bits away from

the cut-set upper bound. This constant depends on the topology of the network but not

on the channel parameters. This result provides a good approximation of the capacity,

which becomes tight as signal-to-noise ratio increases.

IV. HALF-DUPLEX

In Sections II and III, we had the idealized assumption that the relay is full-duplex.

However, full-duplex operation is not possible in practical applications. Wireless transceivers

cannot transmit and receive at the same time in the same band.In this section, we consider

a half-duplex relay and study the impact of half-duplex operation on relaying protocols

and achievable rates.

We can model half-duplex operation using the state variableQ that controls the relay

operation.Q takes the valueq1 if the relay is listening, andq2 if the relay is transmitting.

A more general state configuration assumes that the relay canbe in sleep, listen or talk

states [11], the fundamental idea in both configurations being the same. In this chapter

we consider the former for simplicity. We also consider fixedprotocols, in which the

relay listens for a fixed time interval fraction (t, with 0 ≤ t ≤ 1) and then transmits in

the remaining portion (1 − t), Fig. 6. The relay does not aim to pass along additional

information by breaking its transmission and reception intervals into smaller blocks and

controlling its state variable [16].

The cut-set upper bound on achievable rates for the half-duplex relay channel is found

in [26]. We will state this upper bound for the multiple-antenna half-duplex relay channel

in Section VI-B.
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 1-t


Fig. 6. Fixed relaying: the relay listens fort fraction of the time and transmits in the remaining1 − t fraction.

For the half-duplex relay channel, the DF achievable rate extends from (6), if the

half-duplex constraint is taken into account. When the relay is half-duplex and employs

DF

R(DF ) = min{tI(XS; YR|q1) + (1 − t)I(XS; YD|XR, q2), (16)

tI(XS; YD|q1) + (1 − t)I(XS, XR; YD|q2)} (17)

is achievable for a fixed input distribution and a fixedt, can be maximized over all input

distributions andt ∈ [0, 1]. The first term in (17) is the sum of two mutual information

expressions. The first one indicates the amount of information the relay can decode int

fraction of the time. The second is the mutual information the destination collects from

the source during the time the relay is transmitting. The second term in (17) is also a

sum of two terms, the first of which is the mutual information at the destination while

the relay is silent, and the second is the rate the source and the relay can together send in

1− t fraction of the time. Similar to the full-duplex case, if thehalf-duplex relay channel

is physically degraded, then the above rate is capacity achieving.

When the relay employs CF, the Wyner-Ziv type compression rate is such that the

compressed signal at the relay can reach the destination error-free in the remaining(1−t)

fraction of time, in which the relay transmits. Then, for a fixedt the instantaneous mutual

information at the destination is

R(CF ) = tI(XS; ŶR, YD|q1) + (1 − t)I(XS; YD|XR, q2)



18

subject to

tI(ŶR; YR|YD, q1) ≤ (1 − t)I(XR; YD|q2). (18)

Note that the above equations incorporate the half-duplex constraint into (11) and (10)

and can be maximized overt ∈ [0, 1].

The real Gaussian noise half-duplex relay channel is very similar to the full-duplex

case of (1)-(2). However, in half-duplex case the relay cannot transmit and receive at the

same time. Then we can write

YR,1 = aSRXS,1 + ZR,1

YD,1 = aSDXS,1 + ZD,1,

for stateq1, and

YD,2 = aSDXS,2 + aRDXR,2 + ZD,2,

for stateq2. The channel gainsaSR, aSD andaRD are defined similarly as in Section II.

For the Gaussian half-duplex relay channel the DF achievable rate becomes [26]

R(DF )
max = max

ρ,t∈[0,1]
min

{

t

2
log
(

1 + a2
SRPS,1

)

+
1 − t

2
log
(

1 + ρa2
SDPS,2

)

,

t

2
log
(

1 + a2
SDPS,1

)

+
1 − t

2
log

(

1 + a2
SDPS,2 + a2

RDPR + 2
√

(1 − ρ)a2
SDPS,2a

2
RDPR

)}

,

Similarly, the half-duplex CF achievable rates are [27]

R(CF ) = max
t∈[0,1],PS,1,PS,2

t

2
log

(

1 + a2
SDPS,1 +

a2
SRPS,1

1 + N̂R

)

+
1 − t

2
log
(

1 + a2
SDPS,2

)

,

where

N̂R =
1 + (a2

SD + a2
SR)P

(1 + a2
SDP )

(

(

1 +
a2

RD
PR

1+a2
SD

PS,2

)
1−t

t

− 1

) .
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In the above expressionsPS,1 andPS,2 are the average source power constraints in states

q1 andq2 respectively withPS,1+PS,2 = P . Both ratesR(DF ) andR(CF ) can be optimized

over PS,1 andPS,2 as well.

In addition to DF and CF based protocols, amplify-forward (AF) [5] and non-orthogonal

amplify-and-forward (NAF) [28], [13] are two linear relaying protocols that are important

for the Gaussian half-duplex relay channel. In AF the sourceand the relay share the time

equally, and the source node remains silent while the relay transmits in the second half

of the time. In AF the relay simply scalesYR,1 according to its own power constraint

and forwardsXR = βYR to the destination, whereβ ≤
√

PR/(a2
SRPS + 1). Assumingβ

is equal to its upper bound, the AF protocol achieves the rate

R(AF ) =
1

4
log

(

1 + a2
SDPS +

a2
SRPSa2

RDPR

1 + a2
SRPS + a2

RDPR

)

.

The NAF protocol is an extension of AF, where the source can simultaneously transmit

with the relay in stateq2.

V. W IRELESS APPLICATIONS: COOPERATIVE DIVERSITY

In the previous sections we have considered cooperation in discrete memoryless and

Gaussian channels. One of the most important advancements in cooperative communica-

tion has been the unearthing of its potential in wireless networks.

Wireless channels experience fading, which degrades the system performance when

signal components that are received over different propagation paths add destructively

[29]. Most of the error correcting codes can recover from even very deep fade levels, if

the fading coherence time is on the order of a symbol time. Butif the fading coherence

time is much longer than the symbol duration, then a deep fadeaffects many symbols

consecutively. Retransmission or forward error correction are too costly in this case

and no recovery is possible. These slowly fading channels donot guarantee reliable

communication for any transmission rate and have zero capacity. For these channels, error
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probability is due to two main causes: deep fade levels, and channel noise. When the

wireless channel experiences a deep fade and the channel cannot support the transmission

rate, it is said that the channel is in outage [30]. The probability of error can then be

written as

P (error) = P (error|outage)P (outage) + P (error|no outage)P (no outage).

If the channel is in outage, then the error probability is almost equal to 1. Similarly, if

there is no outage, good channel codes ensure arbitrarily small error probability. Thus the

outage event dominates the error event and probability of error is approximately equal

to probability of outage.

To mitigate the adverse effects of fading, time, frequency or spatial diversity techniques

are employed. For example when there are multiple antennas at the receiver, each antenna

observes an independent copy of the transmitted message. Itis less likely that all observa-

tions are bad, and thus reliability is increased. Similarly, when there are multiple transmit

antennas, each antenna can suitably repeat the same messageto increase reliability. In

addition to these traditional diversity techniques, cooperation/relaying can also be used

to provide diversity [3], [4], [5].

In this section, we first assume the relay is full-duplex. Under fading, the received

signals at the relay and at the destination are given by (1) and (2), but now the channel

inputs, outputs and the channel noise are complex valued. Assuming Rayleigh fading,

aij = hij , i, j = S, R, D. i 6= j, are independent, identically distributed (i.i.d.) zero mean

complex Gaussian random variables with zero mean and unit variance. We consider slow

fading, which stays constant for the duration of a channel block. There is no channel

state information at the source. We assume there are pilot signals to measure receiver

channel gains, and thus the relay and the destination know their incoming fading levels.

In addition, the relay knows its outgoing gain and the source-destination channel gain,

which can happen at a negligible cost with proper feedback. This information becomes
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necessary to implement the CF protocol and will become clearwhen we explain CF later

in this section and in Section VI-A.

As the source node does not have channel side information, and the application is

delay-limited and constant rate, the source node transmitsat a fixed target data rateR(T ).

An outage occurs if the mutual information at the destination is not large enough to

support this fixed target rate, and we can write the outage probability as

P (outage) = P (I < R(T )),

where I is the mutual information at the destination when receiver side channel state

information is available.

Under fading the DF protocol is slightly different than the one described in Section

II-A.1 for non-fading channels. When there is fading, the mutual information at the

destination depends on whether the relay decodes the sourcemessage or not [5]. The

relay can reliably decode the source message and repeat it tothe destination if the mutual

information it collectsI(XS; YR) = IR

IR = log(1 + |hSR|
2PS)

is larger than the target data rate. If not, we assume the relay remains silent. Let

ISD = log(1 + |hSD|
2PS)

ISR,D = log(1 + |hSD|
2PS + |hRD|

2PR).

Then the mutual information at the destination is equal to

I(DF ) =







ISD if the relay cannot decode

ISR,D if the relay decodes
.

2 Note that unlike the Gaussian case, there is no coherent combining gain between the

source and the relay, when they transmit together. This is because the source node does

not have channel state information and cannot synchronize its phase with the relay.

2Note that this DF protocol is different than the one defined in[5], in which the signal received from the source is

completely ignored if the relay cannot decode the message.
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Then we can write the probability of outage at the destination as

P (outage at D) = P (outage|relay decodes)P (relay decodes)

+P (outage|relay cannot decode)P (relay cannot decode), (19)

which becomes equal to

P (outage at D) = P (ISR,D < R(T )|IR > R(T ))P (IR > R(T ))

+P (ISD < R(T )|IR < R(T ))P (IR < R(T )). (20)

When the relay employs CF then the mutual information at the destination is same as

in (12) if a2
ij are replaced with|hij |

2, and the1/2 is removed. Note that the relay has

to know all to channel gains in the system to determine the compression noise in (13).

The probability of outage for CF is thenP (I(CF ) < R(T )).

Fig. 7 shows the outage probability of DF and CF protocols as afunction of the

target data rateR(T ) for P1 = P2 = 10. Direct transmission and1 × 2 MIMO outage

probabilities are also included in the figure for comparison. We observe that cooperative

protocols significantly improve upon direct transmission.

The above analysis shows the probability of outage as a function of the target data

rate for a fixedPS andPR. It is also important to understand how probability of outage

behaves as a function ofPS andPR for a fixed target data rate. In particular the probability

of error decay rate is of interest, as fast decay implies superior reliability. This decay

rate is called the diversity gain and is defined as

d = − lim
SNR→∞

log Pe(SNR)

log SNR
. (21)

HereSNR denotes the average received signal-to-noise ratio. For high SNR values (21)

can be restated to write

Pe(SNR)=̇
1

SNRd
.

Diversity gains do not change with a constant scaling in the transmit power levelsPS

andPR. In the relay channel, we thus assumePS = PR without any loss of generality.
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Fig. 7. Probability of outage as a function of rate.P1 = P2 = 10.

Note that the average transmit power is equal to the averageSNR as we assumed the

noise variance is equal to 1.

Now, we find the diversity gains for DF and CF protocols. As probability of error

dominated by outage, we simply investigate the outage probability decay rate.

For the DF protocol, we first look into the relay outage probability, which is

P (IR < R(T )) = P

(

|hSR|
2 <

2R(T )
− 1

PS

)

= 1 − exp

(

−
2R(T )

− 1

PS

)

=̇
1

SNR
.

This also implies thatP (IR > R(T ))=̇1. Note that direct transmission outage proba-

bility also results in the same limit as the channel gains areassumed to be identically

distributed. Similarly, one can show thatP (outage|relay cannot decode)=̇SNR−1 and
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P (outage|relay can decode)=̇SNR−2. Overall,

P (outage at D)=̇
1

SNR2

and the DF protocol diversity gain is equal to 2.

Similar to the DF protocol, the CF protocol also achieves 2 levels of diversity gain

[16]. Intuitively, from a diversity perspective, the CF protocol makes the relay channel

equivalent to a single-antenna source, two-antenna destination point-to-point system,

while DF results in a two-antenna source, a single-antenna destination system. In the

point-to-point system each receiver antenna suffers from additive noise. In the CF protocol

it is as if one of the receiver antennas experiences additional noise due to compression.

However, the relay can adjust this compression noise to enable full diversity. We omit

the details and refer the reader to [16] for a more complicated discussion.
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Fig. 8. Probability of outage as a function ofSNR. R(T ) = 5 bits/ channel use.

Fig. 8 displays DF and CF outage probabilities as a function of per userSNR PS = PR

for R(T ) = 5 bits/channel use. The figure clearly shows that DF and CF have2 levels of
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diversity as in1 × 2 MIMO, whereas direct transmission has only 1 levels of diversity.

This result implies that DF and CF protocols can be used to form virtual antenna arrays

and to provide diversity gains similar to spacial diversitytechniques.

It is important to note that half-duplex DF and CF and the AF and NAF protocols

introduced in Section IV also achieve 2 levels of diversity [5], [28]. This is because

the source-destination and the relay-destination links observe independent channel gains,

and the diversity gain mainly depends on the number of independent observations at the

destination even when half-duplex constraint is imposed.

Another protocol, which achieves 2 levels of diversity, is the dynamic decode-and-

forward (DDF) protocol suggested in [13]. Unlike DF in DDF the relay listens to the

source until it is able to decode reliably. When this happens, the relay re-encodes the

source message and sends it in the remaining portion of the frame. In DDF the fraction

of the time the relay listens,t, depends on the source-relay link quality. If this channel

is of good quality, the relay can decode quickly, and transmit for a longer time interval.

If this channel is bad, the relay has a short time left for transmission.

When there are multiple relays in the network, protocols other than DF, CF, AF, NAF

or DDF can be used to obtain diversity gains. One method is to employ the relays to

form a distributed space time code [31]. The other method is to choose the best relay

and to use one relay at a time [15]. Both strategies result in full-diversity gains.

VI. D IVERSITY-MULTIPLEXING TRADEOFF OFCOOPERATIVE COMMUNICATIONS

In the previous section we investigated the diversity gainsof cooperation for single

antenna terminals. We showed that cooperative protocols enable the formation ofvirtual

antenna arrays to increase reliability. In a general network, nodes can have multiple

antennas, increasing the system’s degrees of freedom. It isimportant to understand how

these additional degrees of freedom affect diversity gains, and how other resources, such

as rate, coverage area, or network lifetime, need to be sacrificed for higher reliability. In
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this section we provide such an analysis for the single relaycase under Rayleigh fading.

The tradeoff between reliability and rate, known as diversity-multiplexing tradeoff

(DMT), is established for point-to-point multiple antennaslow-fading channels in [12].

In DMT the reliability measure is the diversity gain as defined in (21). The transmission

rateR(T ) is measured by the multiplexing gain, which is

r = lim
SNR→∞

R(T )(SNR)

log SNR
.

It shows how fast the actual rate of the system increases withSNR. The DMT of an

m×n MIMO is defined as the tradeoff betweenr andd and is given bydmn(r). dmn(r)

is the best achievable diversity, which is a piecewise-linear function connecting the points

(k, dmn(k)), wheredmn(k) = (m − k)(n − k), k = 0, 1, ..., min{m, n} [12]. Note that

dmn(r) = dnm(r).

The DMT is a powerful tool to evaluate the performance of different multiple antenna

schemes at highSNR; it is also useful for cooperative/relay systems. In the rest of the

chapter, we study the multiple-antenna relay channel from aDMT perspective, first for

a full-duplex, then for a half-duplex relay.

A. Full-duplex relay

We assume the source, the destination and the relay havem, n and k antennas

respectively. Note that our model is general enough to account for the already existing

spatial diversity in the form of multiple antennas. The received signals at the relay and

at the destination are

YR = HSRXS + ZR (22)

YD = HSDXS + HRDXR + ZD, (23)

whereZR andZD are the independent complex Gaussian noise vectors at the correspond-

ing node.HSR, HSD andHRD are thek × m, n × m andn × k channel gain matrices
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between the source and the relay, the source and the destination, and the relay and the

destination respectively. These channel gain matrices have i.i.d. complex Gaussian entries,

with real and imaginary parts zero mean and variance1/2 each. Next, we first find an

upper bound on DMT, then study the DMT the DF and CF protocols achieve.

An upper bound on DMT can be derived using the well-known cut-set upper bound

[19], [16]. In the relay channel there are two cut-sets of interest: the cut-set around

the source and the cut-set around the destination. These cut-set mutual information

expressions are respectively

ICS
= I(XS;YR,YD|XR) (24)

ICD
= I(XS,XR;YD). (25)

To find the best DMT upper bound, we need to find the maximum of these mutual

information expressions. We can further upper bound the mutual information expressions

as

ICS
≤ I ′

CS
= log KS,RD (26)

ICD
≤ I ′

CD
= log KSR,D, (27)

where

KS,RD ,

∣

∣

∣
Ik+n + HS,RDH

†
S,RDPS

∣

∣

∣
, (28)

KSR,D ,

∣

∣

∣
In + HSR,DH

†
SR,D(PS + PR)

∣

∣

∣
. (29)

and

HS,RD =





HSR

HSD



 , HSR,D =
[

HSD HRD

]

. (30)

Note thatP (I ′
Ci

< R(T ))=̇SNR−d′
Ci

(r), i = S, D, with the target data rateR(T ) =

r log SNR, d′
CS

(r) = dm(n+k)(r) and d′
CD

(r) = d(m+k)n(r). Then one can easily upper

bound the system DMT by

d(r) ≤ min{dm(n+k)(r), d(m+k)n(r)},
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for R(T ).

This DMT upper bound is quite intuitive. The cut-set around the source node idealizes

the relay-destination link and assumes it to be perfect. Thesystem becomes equivalent

to anm × (n + k) MIMO, whose DMT isdm(n+k)(r). Similarly, the cut-set around the

destination assumes that the source-relay link is perfect leading to the DMTd(m+k)n(r).

We first study the CF protocol and argue that it is DMT optimal.In the multiple antenna

CF protocol the relay performs vector Wyner-Ziv compression with side information taken

as the destination’s received signal. The CF protocol achieves the rate in (11) subject to

(10) if the random variablesXS, XR, YR, YD and ŶR are respectively replaced with their

vector counterpartsXS, XR, YR, YD and ŶR. Note that the relay needs to know all

the channel gains in the system to ensure that the compression rate constraint in (10) is

satisfied. Then CF achieves the rate [16]

R(CF ) = log
LS,RD

(

k

√

LS,RD

LSR,D
+ 1
)k

, (31)

subject to

log
LS,RD

LS,DN̂k
R

≤ log
LSR,D

LS,D

,

where

LS,D ,

∣

∣

∣

∣

HSDH
†
SD

PS

m
+ In

∣

∣

∣

∣

LSR,D ,

∣

∣

∣

∣

HSDH
†
SD

PS

m
+ HRDH

†
RD

PR

k
+ In

∣

∣

∣

∣

,

LS,RD ,

∣

∣

∣

∣

∣

∣

HS,RDH
†
S,RD

PS

m
+





(N̂R + 1)Ik 0

0 In





∣

∣

∣

∣

∣

∣

,

L′
S,RD ,

∣

∣

∣

∣

HS,RDH
†
S,RD

PS

m
+ Ik+n

∣

∣

∣

∣

.

Then it can be shown that CF achieves the DMT

dCF (r) = min{dm(n+k)(r), d(m+k)n(r)}.
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We avoid the mathematical details of the proof in this chapter and refer the interested

readers to [16].

In the CF protocol as the relay knows all the channel gains thenetwork, it adjusts its

compression rate such that the destination can always reliably decode the relay signal.

The destination then obtains a perfect copy of the compressed version (̂YR) of the relay’s

observation (YR). The compression noise at the relay is never too large and does not

hinder diversity gains. The CF protocol adapts well to the current channel conditions, the

relay and destination work in accordance and imitatem× (n + k) MIMO behavior. It is

worth mentioning that the SCF protocol in Section II-A.2 hasa suboptimal performance

and the CF adaptivity is required for DMT optimal behavior.

As an alternative to CF, the relay can use the DF protocol. When the source, the

destination and the relay all have a single antenna each, following the analysis in Section

II-A.1 we can show that the DF protocol also achieves the DMT upper bound, which is

equal tod12(r). But this optimality does not generalize to arbitrarym, n andk. The DF

protocol achieves the DMT

dDF (r) =







min{d(m+k)n(r), dmn(r) + dmk(r)} if 0 ≤ r ≤ min{m, n, k}

dmn(r) if min{m, n, k} < r ≤ min{m, n}
.

If m or n (or both) is equal to 1, we find that DF meets the DMT upper bound.

Similarly we can show that for cases such as(m, n, k) = (3, 2, 2) or (m, n, k) = (4, 2, 3),

asd(m+k)n(r) < dmn(r)+ dmk(r) for all r, DF is optimal. A general necessary condition

for DF to be optimal for all multiplexing gains ism ≥ n. If m < n, then dmn(r) +

dmk(r) ≤ dm(n+k)(r) < d(m+k)n, and DF is suboptimal. Whenevermin{m, n, k} = k,

the degrees of freedom in the direct link is larger than the degrees of freedom in the

source to relay link, that ismin{m, n} ≥ min{m, k}. For multiplexing gains in the range

min{m, n, k} < r ≤ min{m, n}, the relay can never help and the system has the direct

link DMT dmn(r). Therefore, DF loses its optimality.

Intuitively the suboptimality of DF is because of the hard decision at the relay. The
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Fig. 9. The source has 2, the destination has 2, and the relay has 1 antenna,(m, n, k) = (2, 2, 1).

point-to-point MIMO DMT, which is the piecewise linear function connecting the points

(k, (m−k)(n−k)), k = 1, ..., min{m, n}, suggests that each additional unit of multiplex-

ing gain uses an antenna both from the transmitter and the receiver, while the remaining

antennas provide the diversity gain. Similarly, in the DF protocol each additional mul-

tiplexing gain effectively uses an antenna at every node (source, relay and destination)

due to hard decision. So the cost of each additional multiplexing gain costs is, in terms

of antennas, is one more than the ideal MIMO behavior.

In Fig. 9 we compare CF and DF DMT for(m, n, k) = (2, 2, 1). We see that the CF

protocol is always DMT optimal, but the DF protocol is significantly worse. Note that

any minor difference in the DMT curve is quite important because diversity gain is the

exponent of1/SNR at highSNR. The suboptimal behavior of DF arises because the out-

age event when the relay cannot decode can dominate for general m, n andk. In addition

to this, for multiplexing gains larger thanmin{m, n, k}, the relay never participates in

the communication because it is degrees of freedom limited and cannot decode large

multiplexing gain signals. For this region, we observe the direct link behavior. For DF,
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the available relay CSI does not improve the DMT performancecompared to the case

where the relay only knows the source-relay channel gains. With this CSI the relay can

at best perform beamforming, which brings in power gains butno improvement on DMT.

We conclude that soft information transmission, as in the CFprotocol, is necessary at

the relay not to lose diversity or multiplexing gains.

In Section II we showed that there is a symmetry between DF andCF. DF achieves

capacity when the relay is close to the source, and CF achieves capacity if the relay is

close to the destination. However, the above analysis reveals that CF and DF protocols

do not always behave similar, unlike the single antenna relay system. The degrees of

freedom available also has an effect on relaying strategies.

B. Half-duplex relay

In the previous section, we studied the relay channel when the relay is full-duplex.

Although this is an ideal assumption about the relay’s physical capabilities, it helps us

understand the fundamental differences between the DF and CF protocols. In this section

we assume a half-duplex relay to study how this affects the DMT behavior of the relay

channel. In this section we investigatestatic half-duplex channels, in which the relay

state is not controlled based on channel realizations. The relay can also performdynamic

behavior as in the DDF protocol. In dynamic protocols, the relay determines the fraction

of time it listens and transmits depending on the channel gains.

In the previous subsection we found an upper bound on DMT, when the relay is full-

duplex. As this bound may not be tight when the relay is half-duplex, next we consider

a half-duplex DMT upper bound. The cut-set mutual information expressions for a half-

duplex relay are respectively [10]

ICS
(t) = tI(XS;YR,YD|q1) + (1 − t)I(XS;YD|XR, q2) (32)

ICD
(t) = tI(XS;YD|q1) + (1 − t)I(XS,XR;YD|q2). (33)
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Note that these expressions depend ont, the amount of time the relay listens. Then an

upper bound on these expressions are

ICS
(t) ≤ I ′

CS
(t) = t log KS,RD + (1 − t) log KS,D (34)

ICD
(t) ≤ I ′

CD
(t) = t log KS,D + (1 − t) log KSR,D (35)

whereKS,RD andKSR,D are respectively defined in (28) and (29), and

KS,D ,

∣

∣

∣
HSDH

†
SDPS + In

∣

∣

∣
. (36)

For a target data rateR(T ) = r log SNR, and for a fixedt, if P (I ′
Ci

(t) < R(T ))=̇SNR
−d′

Ci
(r,t),

i = S, D, thend(r, t), the best achievable diversity for the half-duplex relay channel for

fixed t, satisfies

d(r, t) ≤ min{d′
CS

(r, t), d′
CD

(r, t)}. (37)

Optimizing overt we find an upper bound on the static multiple antenna half-duplex

relay channel DMT as

d(r) ≤ max
t∈[0,1]

min{d′
CS

(r, t), d′
CD

(r, t)}. (38)

In general it is hard to compute the exact DMT of (38). In particular for static protocols,

to find d′
CS

(r, t) and d′
CD

(r, t) for generalm, n and k we need to calculate the joint

eigenvalue distribution of two correlated Hermitian matrices,HSDH
†
SD andHS,RDH

†
S,RD

or HSDH
†
SD andHSR,DH

†
SR,D. However, whenm = 1, bothHSDH

†
SD andHS,RDH

†
S,RD

reduce to vectors andd′
CS

(r, t) is easier to compute. Similarly, whenn = 1, HSDH
†
SD

andHSR,DH
†
SR,D are vectors, andd′

CD
(r, t) can be found. An explicit form ford′

CS
(r, t)

for m = 1 is given as

d′
CS

(r, t) =























n + k − k r
t

if r ≤ t, and t ≤ k
n+k

n
(

1−r
1−t

)

if r ≥ t, and t ≤ k
n+k

(n + k)(1 − r) if t ≥ k
n+k

.
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For n = 1 and for arbitrarym andk, d′
CD

(r, t) has the same expression asd′
CS

(r, t) if n

and t are replaced withm and (1 − t) in the above expressions [16].

Although we do not have an explicit expression ford′
CS

(r, t) or d′
CD

(r, t) for general

(m, n, k), we can comment on some special cases and get insights about multiple antenna,

half-duplex behavior. First we observe thatd′
CS

(r, t) andd′
CD

(r, t) depend on the choice

of t, and the upper bound of (38) is not always equal to the full-duplex bound. As an

example consider(m, n, k) = (1, 1, 2), for whichd′
CS

(r, t) is shown in Fig. 10. To achieve

the full-duplex bound for allr, d′
CS

(r, t) needs to havet ≥ 2/3, whereasd′
CD

(r, t) needs

t ≤ 1/3. As both cannot be satisfied simultaneously,d(r, t) is less than the full-duplex

bound for allt.

On the other hand, to maximize the half-duplex DMT it is optimal to chooset = 1/2

wheneverm = n. To see this, we compare (34) with (35), and note that bothK ′
S,RD ≥

KS,D andKSR,D ≥ KS,D for m = n. Furthermore, form = n d′
CS

(r, t) = d′
CD

(r, 1 − t),

andd′
CS

(r, t) is a non-decreasing function int. Thereforemin{d′
CS

(r, t), d′
CD

(r, t)} must

reach its maximum att = 1/2.

Similar to the full-duplex case, in the multiple-antenna half-duplex relay channel [16]

the CF protocol is DMT optimal and achieves the half-duplex cut-set bound DMT

dCF (r) = max
t∈[0,1]

min{d′
CS

(r, t), d′
CD

(r, t)}.

Note that if the relay is dynamic, CF can also behave dynamically, choosing t as a

function of CSI available at the relay, and still achieve theDMT upper bound for dynamic

protocols at highSNR.

Fig. 11 shows the CF DMT in comparison to DDF and NAF DMT for(m, n, k) =

(1, 1, 1). For this single antenna case the half-duplex DMT bound is equal to the full-

duplex case. We observe that DDF does not meet the upper boundfor 1
2
≤ r ≤ 1, as

in this range, the relay does not have enough time to transmitthe high rate information

it received [13]. NAF protocol is also suboptimal. However,CF is DMT optimal for

(m, n, k) = (1, 1, 1) as well as arbitrary antenna configurations.
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Fig. 10. DMT upper bound for the cut-set around the source,CS . The source has 1, the destination has 1, and the

relay has 2 antennas,(m,n, k) = (1, 1, 2). Note that asm = n, d′

CS
(r, t) = d′

CD
(r, 1 − t). The upper bound in (38)

reaches its maximum fort = 1/2. The solid line in the figure is also equal to the full-duplex bound.

We showed that for a multiple antenna full-duplex relay system, the probability that

the relay cannot decode is dominant and the DF protocol becomes suboptimal. Therefore,

we do not expect any relay decoding based protocol to achievethe DMT upper bound

in the multiple antenna half-duplex system either.

VII. CONCLUSION

In this chapter we outline some of the major information theoretical advances in the

cooperative communications literature. For discrete memoryless and Gaussian channels,

we show that the relay has a large potential to improve achievable rates with respect

to direct transmission. We explain two fundamental strategies DF and CF for the relay

channel. We also provide an overview of mutual cooperation among two users under

the generalized multiple access channel model. For multiple relay systems we give an

example on how multiple relays can be coordinated.

In addition to non-fading channels, cooperation offers substantial gains under fading.
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Fig. 11. The DMT for CF, DDF, and NAF protocols for single antenna nodes.

We show that via cooperative protocolsvirtual antenna arrays can be formed and spatial

diversity gains similar to physical antenna arrays can be achieved. To provide a complete

characterization, we also study the diversity gains in the DMT context. We investigate the

effects of increased degrees of freedom and relay processing capability on cooperative

DMT. We show that although full-duplex DF and CF have the sameDMT when each

node has a single antenna, this is not the case for multiple-antenna relay systems. DF

can be suboptimal, yet CF is DMT optimal for arbitrary antenna configurations. For the

half-duplex relay CF remains to be DMT optimal. Although it is hard to find the DMT

upper bound explicitly for arbitrary number of antennas at the nodes, we have solutions

for special cases. We also show that the static half-duplex DMT bound is tighter than

the full-duplex bound in general.

Despite the recent significant advances we outlined in this chapter, there are many

open problems related to the relay channel in particular andto cooperative networks in

general. For example there are no practical channel codes designed for CF, which hinders
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the implementation of this robust protocol. On the other hand, CF protocol performance

strongly depends on the channel state information available at the relay. Suggesting new

relaying protocols, which process the soft information, but do not require this information

are of utmost interest. In general, utilization of feedbackin the relay channel is not fully

understood. In addition to suggesting new protocols, low tomoderateSNR studies need

to be carried for the relay channel to complement the highSNR results of DMT. To

understand larger cooperative networks better and to extend the cooperation benefits to

large networks we also need to understand the role of relaying/cooperation in interference,

broadcast and multiple-access channels, and to explore network gains of cooperation,

relay assignment, synchronization and coordination issues, and incentives to cooperate.
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